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General Instructions

* Reading Time - 5 minutes
*  Working time -2 hours
e Attempt ALL questions
ALL questions are of equal value
All necessary working should be shown
in every question. Marks may be

deducted for careless or badly arranged
work.

Standard integrals are supplied
Board-approved calculators may be used.
Diagrams are not to scale

Each question attempted should be started
on anew page. Write on one side of the
paper only.
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QUESTION 1: (12 marks)

2
a) Evaluate _[0 dx.

xX+4

b) Find the acute angle between the lines 2x—y—1=0 and 3x—y-2=0. Give
your answer to the nearest minute if necessary.

c) Aisthe point (-1,1) and Bis the point (3,3). Find the point ¢ which divides
AB externally in the ratio 3 ~1.

o
d) Evaluate Lxx/l +x dx using the substitution u=1+x.

e) Solve the inequality % <1.
x—

QUESTION 2 OVER PAGE

QUESTION 2:(12 marks)

a) If o, f and y are the roots of the equation x* - 2x+5=0, find the values of:

@
(if)
(iif)
(iv)
)

oa+p+y
af+oay+ By
afly

at+ eyt

(e-2)(A-2)(r-2)

b) Use mathematical induction to prove that n® +2n s divisible by 3 for all

nx1.

¢) The graph below shows the velocity of a particle as it moves along a straight

line. Initially the particle is at the origin. At what time does the particle

return to the origin?

Velocity {m/s)

Time {5}

-4

o ¢ 1 2 3 5 5 7 1
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QUESTION 3: (12 marks)
a) Points P(Zap,apz) and Q(?_aq,aqz) lie on the parabola x*=4ay. PQ

subtends a right angle at the vertex. The tangents at P and Q meetatF—
(i) Show that pg=—4.

(ii) Find the equation of the locus of T.

b)

() Express %cos 6+2sin0 in the form Acos(6—a) where 4 >0.

(ii) Hence solve the equation 3cos8+4sind=2 for 0<0 <360°.

A}

¢} |A polynomial is given by P(x)=x +ax” +bx~ 18. Find values for @ and b if

(x+2) is a factor of P(x) an@s the remainder when P(x) is divided by

QUESTION 4 OVER PAGE

QUESTION 4: (12 marks)

a) Use Newton’s method to find a second approximation to the positive root of 2

x—2sinx=0. Take x=1.7 as the first approximation.

b) Two circles touch externally at €. The circles, which have centres Pand @

0

are touched by a common tangent at A and B fespectively. The common

tangent through C meets the common tangent AB at T.

(i) Show that AT =TB. 2

(ii) Show that ZACB is aright angle. 2

. . a1
(i) Differentiate y=tan™ x+tan™ =
X

y . ~ 51
(if) Hence or otherwise sketch the graph of y=tan™ x+tan™ =,
X

QUESTION 5 OVER PAGE




QUESTION 5: (12 marks) QUESTION 6: (12 marks)
sin3x 2 '
58

~—
a) Evaluate lim a) Consider the equation x*+6x*~x—-30=0. One of the roots of the equation is
x=0

equal to the sum of the other two roots. Find the value of the three roots.

b) The angle of elevation of a tower PQ of height h metres from a point 4, due east 4
ofitis 12°. From another point B, due south of the tower, the angle of b) Find 2 J.c0524-x dx.
elevation is 11°. The points 4 and B are 100 m apart and on the same level as :
0, the base of the tower. Calculate h to the nearest metre.
p
¢) Callum has baked a chocolate cake. At 2 p.m, he takes it out of a 180°C hot

m n and places it on a cooling rack in the kitchen, where the temperature is

.Becording to Newton's Law of Cooling the temperature T, of Callum’s
TN

t minuted after it comes out of the oven satisfies the equation:

C;—:: ~k(T —20) where kis a constant.

ca

or |
.
~
>

(i)  Showthat T=20+160e™ is a solution of the equation.

(i) At2:15 p.m, the cake’s temperature is100°C. Find the value of k,

correct to 3 significant figures.
1 2 2(1++10) 3
c) Prove, without the use of a calculator: sin™ 3t cos™ 3= sin™ —
(iii) The cake must cool to 35°C before Callum can ice it. What is the

earliest time that the cake can be iced?

sin 36 _cos 30 3

d) Prove that =2 (for sin+0,cos0 #0).

sin@ cos@
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QUESTION 7: (12 marks)
a) Water is pouring into a conical vessel of height 30 cm and diameter 48 cm.

30 cm

(i) Show that when there is water in the vessel to a depth of h cm, the

167h°
75

volume of water (V cm3> is given by V =

(ii) If the height of w; &eis increasing at 0.5 cm/min, find the rate of
//? mé when the depth of water is 10 cm from the top.

Give your answer in exact form.

increase of thegolu

QUESTION 7 CONTINUES OVER PAGE

b) Points A, Band € lie on a circle. The length of the chord AB is a constant k. The

radian measures of ZABC and £BCA are @ and o respectively.
o

{i) Letlequal the sum of the lengths of chords CA and CB. Show that

k
sing

=

[sin9+sin(9+a)].
(i) Whyis o aconstant?

(iii) Evaluate ﬂ when 0= z_ &
. do 2 2

END OF TEST @




TRIAL HSC EXTENSION 1 MATHEMATICS 2010 - SOLUTIONS

Question 1;

a)

2.
>
1
o+
Y]
=1

()],

z 1 1
i3 {

N

d) u="1+x Whenx=-1: Whenx=0:
ﬂ—l u=1-1 u=1+0
dx = =1
du=dx
Jixdl+xdx=f3(u—1)«/ﬂdu

1 1
=j u—l utdu
3
=j]( E-u?]du
]
s 3]
5 3
_ 2\/u_ AT
| s 3
=22
5 3
-
15
e) 2 <
x-1
2(x-1)<(x-1)’

~x<lorx=3

1
==(tan?1-tan™"0
71 )
iz
2 4
=Z
8
b) 2x—y-1=0 3x-y-2=0
y=2x-1 y=3x-2
m1=2 I’I’lz:g
tang ="
1+mm,
] 2-3
1+4+2x%3
_|4
7
=X
7
€=tan'11
7
=8.130102...
=88’ (nearest minute)
) min=-3:1
_mx,+nx, Iy, ny,
m+n m+n
_(-3x3)+(1x-1) _{-3x3)+(1x1)
- —3+1 T 3+l
=5 =4

~D=(54)




Question 2:

Question 3:

a) i at+f+y=0

il af+oy+ fy=-2

i, afy=-5

iv. a2+pz+y2=(a+ﬁ+7/)2—2(aﬂ+a7+/37)
=0"-2(-2)

v.  (a-2)(f-2)(r-2)=(ap—-2a-28+4)(r-2)
=afy—2ay—20y +4y -2of +4a+4[ -8
=afy -2(ay+fy+af)+a(a+p+y)-8
=(-5)-2(-2)+4(0)-8

=—5+4-8
=-9
b) Step 1: Prove true for n=1:
F+2(1)=3
which is divisible by 3.

strue for n=1

Step 2: Assume true for n=%:
Let k* + 2k =3M where M is a positive integer.

Step 3: Prove true for n=k+1:
(41 +2(k+1) = I 43K +3k +14 2k +2
=3M +3k* +3k+3 (using assumption)
=3(M +k +k+1)
which is divisible by 3.
Proven true for n=/k+-1

Step 4: 1f true for n=k, then proven true for n=k+1. Proven true for n=1, hence
proven true for n = 2.1f true for n =2, then proven true for =3 and so on. Hence,
by mathematical induction, statement is true for all integers n 2 L

c) ¢ = 6 seconds.

a) i ap®-0 ag*—0
Pa:z Mgo = -
ap—0 2aq-0
=L =4
2 2
As OP L.0OQ, mp, xmpg =1t
P 4
2 2
pq=—4
il AtPim,=p
y~—ap*=p(x—2ap)
y=px—ap’
Eqn tangentat P: y =px—ap®
Eqn tangentat Q: y=qx—aq’
At T
px—ap* =qx—aq’
px—qx=ap*~aq’
x(p-q)=a(p-q)(p+q)
x=a(p+q)
When x=a(p+q):
y=p{a[p+q])-ar®
=apq
=-4q
Locusof T y=-4a
B) i : "~ 2
A= [_3_J 22 tanﬁ_ﬁ
2 2
2
:\[L—q. 4
4 =§
5
) 6’=tan‘1~§~

=538 (nearest minute)

gcosH+Zsin€=§cos(t’9—53“8’)
2 A




ii. 3cos@+4sinfd=2

%cos€+25in9=1

2005(9—53"8') =1

2

cos{#-53"8")==
( )=3

6-53'"8'=66°25 9-53"8'=293"35'
0=119"3% G =346°42

Question 4;

c) P(x)=x"+ax’+bx~-18

p(-2)=(-2) +a(-2)" +b(-2)-18 P(1)=(1) +a(1)’ +b(1)-18
0=-8+4a—-2b-18 —24=1+a+h-18
4a-2b=126 a+b=~7
Za-b=13
2a-b=13
a+h=-7
3a=6
a=2
b=-9

a) F(x)=x-2sinx f/(¥)=1-2cosx

F(1.7)=17-2sin17 F(17)=1-2cos(L.7)
=-0.2833296.. =1.257688989..

F(x)

F(x,)

£(17)

F(7)

=1.9 (to 1 dec. pl)

X, =X~

=17~

b) i AT =TC (equal tangents from an external point )

TB=TC (equal tangents from an external point )

AT =TB

il. AsAT=TC=TB:
T'is the centre of a circle with diameter AB.

. ZACB=90" (angle in a semi-circle)

- a1
y=tan?x+tan™ =
x

=tan”t x+tan” x7*

'\T




Question 5:

d

_sin30 cos30

" sin@  cosd

_ sin3fcosf —cos3fsind
B sin&cosf
_ sin(30-6)

" sinfcosd

_ sin2d

" sinfcosd

_ 2sinfcosd

" sinfcosd

=2

LHS =RHS

LHS

a) lim sin3x —glim sin3x
=0 Sy 5aot 3y
= (as lim 22X o 1)
= x
b)  InABPQ: ThAAPO:
tan12® = fan12° =
BQ AQ
BQ = hcot1l” AQ = heot12°
AB? = BO* + AQ”
100° = (heot11°) + (heot12°)’
=K (cot211+cot2 12)
- 100
cot’ 11+cot 12
h=14344,.m
=14 m (to the nearest metre)
9 Let  =sin™ L Let f=cos™ 2
3 3
, 1 2
SN =— cos ff=—
3 A 3
1 3 N 3
2.z 2
sin(a + ) =sina cos § +cos asin f
_L2,22 5
33 3 3
o+ f=sin™ §+MQ
9 9
a1 A1)
sim  —+¢0§ —~=8mn ———=
3 3 9




Question 6:

a)

b)

)

¥ 4+6x*-x-30=0

Letrootsbe a, 8,0+ f

204+20=-6
a+fi=-3-——1)-—-
af{c+B)=30
ep(-3)=30
aff=-10
p= @)

Sub (2) into (1):

a-£=—3
a

a?+3a-10=0
(a+5)(a-2)=0
a=-Sara=2
When a=-5: §=2
When a¢=2: f=-5
- The roots are -5, 2 and -3.

cos2x=2cos’ x—1
cosBx =2cos’4x—1

2cos® 4x =1+cosBx

2_[‘(:05Z Axdx = J(l +cosBx)dx

=x+%sin8x+c

i T =20+160e™
ar_ ~160ke™
de

dr
EE—~—I((T~20)

=~1<([20+160e-kf]520)

=l (160e™)
=-160ke™

- T=20+160e™ is a solution of the equation.

i At 2:15p.m (t=15):
100=20+160e™"
80=160e"*

. 1
ek

2

~15k=1In [l)
2
1

k=~——1n(}—j
15 \2

=0.0462098...

=0.0462 (3 sig. figs)
ii. When T'=35:

35=20+160e™""

15=160e™"%

E—U.Mﬁt :—:i—
32
-0.046t = ln(—g—
32
1 3
= N} —
0.046 \32
=51.459209..min
=51 min

The earliest time Callum can ice the cake is 2:51p.m.




Question 7

a) i

Let radius of water surface =r

h _r
30 24
30r=24h
_th

r=
5

1% =l7rrzh
3

1 (411)2
==7|-—|h
345

1. 16h?
==X
377 25
1

xh

6rh?
75

dan =0.5 cm/min
dt

dv _ 48zh*

@ 75
B 16rh?
To25

dv _dVv dh

o X ——

dt dh dt
16wk

25

_ Bl

T 25

x0.5

When h = 20 (i.e. 10 cm from the top}:

dV_871'><(ZO)2
e~ 25
=1287 cm® / min

b) i Ak B k

sind  sina sin(180—[a+€]) " sina
ca=—*_sing CB_ Kk
sine —

sin{a +6) " sine

CB= ,k sin{e +6)

sina

[=CA+CR
= _k sing + _k sin{a+8)
sina sina
k
= sind +sin{a +8
sina[ ( )]
il « is the angle at the circumference standing on chord AB and the length of

AB, I is a constant.

iii. d _ k
df sina

[cosé’ +cos(0+ a)]

‘When 9=£~—q—:
2 2

d k (n o [n a
—= cos| === |+cos| ———+a
dd sino 2 2 2 2




